In the paper, the results of analysis of elastic scattering and breakup processes in interactions of the 11 Li nucleus with protons are presented. The hybrid model of the microscopic optical potential (OP) is applied. This OP includes the single-folding real part, while its imaginary part is derived within the high-energy approximation (HEA) theory. For the 11 Li+p elastic scattering, the microscopic large-scale shell model (LSSM) density of 11 Li is used. The depths of the real and imaginary parts of OP are fitted to the elastic scattering data at 62, 68.4, and 75 MeV/nucleon, being simultaneously adjusted to reproduce the true energy dependence of the corresponding volume integrals. The role of the spin-orbit potential is studied and predictions for the total reaction cross sections are made. Also, the cluster model, in which 11 Li consists of 2n-halo and the 9 Li core having its own LSSM form of density, is adopted. The respective microscopic proton-cluster OP's are calculated and folded with the density probability of the relative motion of both clusters to get the whole 11 Li+p optical potential. The breakup cross sections of 11 Li at 62 MeV/nucleon and momentum distributions of the cluster fragments are calculated. An analysis of the single-particle density of 11 Li within the same cluster model accounting for the possible geometric forms of the halo-cluster density distribution is performed.
I. INTRODUCTION
Recent experiments with radioactive ion beams have opened a new era in nuclear physics by providing the possibility to study the light nuclei far from stability. Indeed, the availability of the radioactive ion beams favored the discovery of halo nuclei [1] . A typical example is the neutron halo in the nucleus 11 Li, revealed as a consequence of its very large interaction radius, deduced from the measured interaction cross sections of 11 Li with various target nuclei [2] [3] [4] . The halo of the nucleus extends its matter distribution to a large radius. A hypothesis based on the early data [2] about the important role played by the neutron pairing for the stability of nuclei near the drip line is suggested in Refs. [5, 6] and, in particular, the direct link of the matter radius to the 2n weak binding in 11 Li is claimed to be attributed to its configuration as a 9 Li core coupled to a di-neutron. The experiments that give evidences of the existence of a halo in this nucleus are related not only to measurements of the total reaction cross section for 11 Li projectiles but also to the momentum distributions of the 9 Li or neutron fragments following the breakup of 11 Li at high energies [7] [8] [9] [10] , e.g. the process 11 Li+ 12 C at E = 800 MeV/nucleon in Ref. [7] . Here we will mention also the experiments at lower energies E = 60 MeV/nucleon of scattering of 11 Li on 9 Be, 93 Nb and 181 Ta in [11] and of 11 Li on a wide range of nuclei from 9 Be to 238 U in [12] . It was shown that the momentum distribution of the breakup fragments has a narrow peak, much narrower than that observed in the fragmentation of well bound nuclei. This property has been interpreted (e.g., [13] [14] [15] [16] [17] [18] [19] ) to be related to the very large extension of the wave function, as compared to that of the core nucleus, leading to the existence of the nuclear halo. As pointed out in Ref. [17] , the longitudinal component of the momentum (taken along the beam or z direction) gives the most accurate information on the intrinsic properties of the halo and is insensitive to details of the collision and the size of the target.
The differential cross sections for small-angle proton elastic scattering on Li isotopes at energies near 700 MeV/nucleon were measured in inverse kinematics with secondary nuclear beams at GSI (Darmstadt) [20] . They have been analyzed using the Glauber theory and information on the nuclear matter density distributions has been extracted. It was supposed that the two valence neutrons in 11 Li, which form the halo, could move in a wide region far from the 9 Li core that is related to the small two-neutron separation energy (∼ 0.3 MeV).
The idea of existence of two-neutron halo in 11 Li was experimentally verified in measurements and studies of differential cross sections of the 11 Li+p elastic scattering in the energy range 60-75 MeV/nucleon [21] [22] [23] . The data analysis at 62 MeV/nucleon [21] showed that the adjusted phenomenological Woods-Saxon (WS) potential has a shallow real part and an imaginary part with a long tail. In Refs. [22, 23] the data at 65-75 MeV/nucleon were analyzed using the parameter free cluster-orbital shell-model approximation (COSMA) [24] and a conclusion was drawn that the 11 Li+p scattering is mainly determined by scattering on the 9 Li core. In various works (e.g., Refs. [25] [26] [27] [28] [29] ) the calculations of the 11 Li+p differential cross sections in the energy range E < 100 MeV/nucleon differ between themselves by the assumptions how the 11 Li+p optical potential to be constructed. Most of them use the simple folding approach to the real part of OP (ReOP) without accounting for the exchange terms and with introducing different forms of effective nucleon-nucleon (NN) interactions. To calculate the folding potentials, the constituent 9 Li+2n cluster model was usually employed, in which the 11 Li density has two separated parts taken in explicit forms. Various suggestions were made for the imaginary part of OP (ImOP) like WS and Gaussian forms or calculated within the t-matrix method. Then, the cross sections were computed numerically by using the eikonal approximation or starting with the Glauber multiple scattering theory. The more complicated model of 11 Li treated as a 9 Li+n+n three-body system was developed in Ref. [30] , where the effects of the halo distribution in 11 Li in correspondence to different parts of the three-body wave function are manifested in the elastic cross section.
Generally, here we would like to outline the advantages of the microscopic analyses using the coordinate-space gmatrix folding method (e.g., Ref. [31] ), as well as works (e.g., Ref. [32] ), where the ReOP is microscopically calculated using effective NN interactions within a folding approach [33] [34] [35] [36] and including also the exchange terms in it. In the recent works [37, 38] the 11 Li+p elastic scattering cross sections were analyzed using folding procedure and effective NN forces to calculate the real OP taking into account only its direct part but not the exchange one. In Ref. [37] the volume ImOP was taken either in a WS form or in the form of the direct folded ReOP and in Ref. [38] an application of the microscopic OP [39, 40] developed on the base of the HEA theory [41, 42] was also made. To this end phenomenological densities (Gaussian-types and COSMA) have been used in the calculations [37] and the LSSM densities of 9,11 Li [43] in Ref. [38] , as well.
The aims of our work can be presented as follows. First, we study elastic scattering cross section for 11 Li+p at three incident energies (E < 100 MeV/nucleon) using microscopically calculated OP's within the hybrid model [39] . The ReOP includes the direct and exchange terms and the ImOP is based on the HEA. We follow our previous works [44] [45] [46] , where this model was applied to elastic scattering of exotic nuclei 6, 8 He with use of their LSSM densities, and thus avoiding an adjustment of free parameters. As in Ref. [45] , we pay attention to the ambiguity problem when fitting the coefficients N 's that renormalize the strengths of different parts of OP. This ambiguity is minimized in Ref. [47] by testing the condition that the true energy dependence of the volume integrals must fulfill. Second, in addition to the analysis of elastic scattering cross sections, we estimate other characteristics of the reaction mechanism such as the 11 Li total reaction and breakup cross sections. The theoretical scheme used in this second part of the work is based on the procedure from the first part to calculate microscopically the potentials necessary for the evaluation of the other quantities within the model. The calculations are performed by using the 11 Li+p OP constructed as a sum of the microscopically calculated OP of 9 Li+p and the (2n-halo)+p potential folded with a density probability of the relative motion of clusters. For a more consistent description of the halo structure of 11 Li we calculate the fragment momentum distributions from 11 Li+p reaction at 62 MeV/nucleon within the same breakup reaction model and present predictions for them. Finally, we give results for the single-particle density distribution of 11 Li within the true two-cluster model considering the relative motion of clusters ( 9 Li+h) that is ensured by the respective wave function and make a comparison with other calculations.
The structure of this article is the following. The theoretical scheme to calculate microscopically the real and imaginary parts of the OP and the spin-orbit term, as well as the results of the calculations of the elastic scattering of 11 Li on protons and the discussion are given in Sec. II. The next Sec. III contains the basic expressions to estimate the 11 Li breakup and to calculate the momentum distributions of its products. The same Section contains the results of the total breakup cross sections, the momentum distributions of clusters and the singleparticle density distribution of 11 Li calculated within the breakup model of 11 Li. The summary and conclusions of the work are given in Sec. IV.
II. ELASTIC SCATTERING OF
11 LI ON PROTONS AT E < 100 MEV/NUCLEON
A. Microscopic ReOP
The optical potential used in our calculations has the form
In Sec. IIC we add also a spin-orbit term to U opt from Eq. (1). The real part of the nucleon-nucleus OP is assumed to be a result of a folding of the nuclear density and of the effective NN potential and involves the direct and exchange parts (e.g., Refs. [33] [34] [35] , see also [44, 45] ):
The direct part V D (r) is composed by the isoscalar (IS) and isovector (IV) contributions:
with s = r + r 2 , and
In Eqs. (5) and (6) ρ 2,p (r 2,p ) and ρ 2,n (r 2,n ) are the proton and neutron densities of the target nucleus. The expressions for the energy and density dependence of the effective NN interaction (the formulae for g(E) and F (ρ)) are given e.g., in Ref. [45] . For the NN potentials v D 00 and v D 01 we use the expression from Ref. [35] for the CDM3Y6 type of the effective interaction based on the Paris NN potential. The isoscalar part of the exchange contribution to the ReOP has the form:
ρ 2 being the one-body density matrix. It is shown in Ref. [44] how the isovector part of the exchange ReOP can be obtained. Here we would like to emphasize the general importance of the account for the exchange part of the OP. As shown on different examples in Ref. [35] , the exchange effects lead, for instance, to a particular energy dependence of the total potential, to different signs of the direct and exchange inelastic form factors and others, so they should be treated as accurately as possible. The LSSM proton and neutron densities used in our work for 11 Li are calculated in a complex 2 ω shell-model space using the WS basis of single-particle wave functions with exponential asymptotic behavior [43] , which is in principle the realistic one. Here we would like to discuss this point. In many works, to simplify the analytical studies and calculations one uses basic functions and densities with Gaussian asymptotics of the type exp(−ar 2 ), while it has to be exponential one exp(−br)/r, where the parameter b is related to the bound energy of the particle in the upper shell. This difference can affect the results for the cross sections in the region of relatively large angles of scattering. This point was one of the reasons the LSSM densities [43] for 9, 11 Li to be used in our work.
B. Optical potential within the high-energy approximation
In the present work we use the hybrid model of OP [39] , in which its imaginary part was derived within the HEA theory [41, 42] , while the real part is obtained as prescribed by the folding procedure from Sec. IIA. The cross sections are calculated by means of the DWUCK4 code [48] for solving the Schrödinger equation. To obtain the HEA OP one can use the definition of the eikonal phase as an integral of the nucleon-nucleus potential over the trajectory of the straight-line propagation, and has to compare it with the corresponding Glauber expression for the phase in the optical limit approximation. In this way, the HEA OP is obtained as a folding of the form factors of the nuclear density and the NN amplitude f N N (q) [39, 40] :
In Eq. (8) σ N N andᾱ N N are, respectively, the NN total scattering cross section and the ratio of the real to imaginary part of the forward NN scattering amplitude, both averaged over the isospin of the nucleus. These two quantities have been parametrized in [49, 50] as functions of energies up to 1 GeV. The values ofσ N N andᾱ N N can also account for the in-medium effect by a factor from Ref. [51] .
C. The spin-orbit term
The expression for the spin-orbit contribution to the OP used in our work is added to the right-hand side of Eq. (1) and has the form:
where λ 2 π =2 fm 2 is the squared pion Compton wavelength, V 0 and W 0 are the real and imaginary parts of the microscopic OP at r=0. In our work, in Eq. (9) the functions f R (r) and f I (r) are taken as WS forms f (r, R R , a R ) and f (r, R I , a I ) with the half-radius R R (R I ) and diffuseness a R (a I ) parameters obtained by the best fit of the WS potential to the microscopically calculated real V (r) and imaginary W (r) parts of the OP.
D. Results of calculations of 11 Li+p elastic scattering
In the beginning of this subsection we consider 11 Li+p elastic scattering at three energies, 62, 68.4, and 75 MeV/nucleon, for which the differential cross sections have been measured [21] [22] [23] . The respective folding optical potentials V F and W H are calculated by the procedure described in the previous subsections IIA.B.C. using Eqs. (1) (2) (3) (4) (5) (6) (7) (8) (9) and then, the whole OP is constructed in the form The OP U opt (r) (10) is applied to calculate the elastic scattering differential cross sections using the program DWUCK4 [48] . The number of partial waves is controlled by the parameter LMAX that corresponds to the maximum partial wave for the distorted waves. We use the parameter LMAX=100. For the densities of protons and neutrons of 11 Li we use the LSSM ones [43] (shown in Fig. 1 ) that have an exponential asymptotics which is the correct one. As can be seen from Eq. (10), we introduce and consider the set of N coefficients as parameters that can be found by fitting the calculated to the experimental differential cross sections of the 11 Li+p elastic scattering. Moreover, the fitting procedure can be constrained by additional conditions on the behavior of the OP's (as in Refs. [44] [45] [46] and will be seen below). The real and imaginary parts of the SO optical potential in (10) are approximated by Woods-Saxon form. Their parameters V F 0 (W H 0 ), R R (R I ) and a R (a I ) were obtained by a fitting procedure to the respective calculated microscopic potentials V F (r) and W H (r). We take the ImOP in two forms, the microscopically obtained W H within HEA (W = W H ) or the form of the folded real potential
Concerning our approach using the set of N coefficients as parameters we consider it as the appropriate physical basis, which constrains the fitting procedure by the established model forms of the potentials. We emphasize that in our work we do not aim to find perfect agreement with the experimental data. In this sense, however, the usage of the fitting parameters (N 's) related to the depths of the different components of the OP's can be considered as a way to introduce a quantitative measure of the deviations of the predictions of our method (with the account for the exchange contributions to OP) from the reality (e.g., the differences of N 's from unity for given energies, as can be seen below). Thus, the closeness of the N 's values to unity could show the ability of the approach to give the absolute values of the intensity of the OP's.
The microscopic real part (V F ) of OP and HEA imaginary part (W H ) calculated using LSSM densities of 11 Li are shown in Fig. 2 for different energies. In Fig. 3 we give as an example the differential cross section of the elastic scattering 11 Li+p at 62 MeV/nucleon in the cases when W = W H and W = V F with and without accounting for the spin-orbit term in Eq. (10). The renormalization parameters N are determined by a fitting procedure. The results of the calculations are close to each other and that is why all of them are presented inside areas shown in Fig. 3 . The following definition of χ 2 is used:
where σ th (ϑ i ) and σ exp (ϑ i ) are the theoretical and experimental values of the differential cross sections (dσ/dΩ), and ∆σ exp (ϑ i ) is the experimental error. The blue area in Fig. 3 includes four curves corresponding to W = W H (from which three curves obtained without SO term and one with the SO term), while the grey one includes four curves corresponding to W = V F (from which two curves obtained without SO term and two curves with the SO term). We give in Table I the values of the N 's parameters, χ 2 and the total reaction cross sections σ R . It can be seen from Fig. 3 the satisfactory overall agreement of both areas of curves with the experimental data. However, we note the better agreement in the case when W = W H (the blue area) and the values of χ 2 are between 1.40 and 1.47, while in the case W = V F they are between 5.00 and 5.80. The situation is similar also for the other energies. So, in our further calculations we use only ImOP W = W H . Second, we note that the values of σ R are quite different in both cases (σ R ≈ 455-462 mb for W = W H and σ R ≈ 260-390 mb for W = V F ). Third, one can see from Table I and from the comparison with the data in Fig. 3 that the role of the SO term is weak. Its effects turn out to be to decrease the values of Table I) .
As is known, the problem of the ambiguity of the parameters N arises when the fitting procedure is applied to a limited number of experimental data (see, e.g., the calculations and discussion in our previous works [44] [45] [46] ). Due to the fact that the fitting procedure belongs to the class of the ill-posed problems (see, e.g., Ref. [52] ), it becomes necessary to impose some physical constraints on the choice of the set of parameters N . The total cross section of scattering and reaction is one of them, however, the corresponding experimental values are missing at the energy interval considered in the present work.
Another physical criterion that has to be imposed on the choice of the N values is the behavior of the volume integrals
as functions of the energy. Table I . Dark (blue) area:
The experimental data are taken from Ref. [21] .
We show in Fig. 4 the results of our calculations of the 11 Li+p elastic scattering cross sections for the three energies E = 62, 68.4 and 75 MeV/nucleon. For each energy we present two curves, with and without accounting for the SO term. The corresponding values of the N 's parameters together with those of J V , J W , χ 2 and σ R are given in Table II . In Fig. 5 we give the curves for the volume integrals J V and J W connecting the results obtained in our calculations with N 's values. We present them as better ones because first, the values of χ 2 are around unity, and second, there is a good agreement with the data including those of θ c.m. up to 60
• for 62 MeV/nucleon. One can see that the values of J V are decreasing with the increase of the incident energy (with a small exception at 68.4 MeV/nucleon) that is in general agreement with the results from Ref. [53] . This is not the case for J W , where its value for E = 62 MeV/nucleon is larger than for the others. Indeed, it was pointed out in [53] that the general behavior of the volume integral J V is decreasing with the increase of the energy in the interval 0 < E < 100 MeV/nucleon, while J W increases with the increase of comparatively small energy and becomes almost constant at a larger energy. However, the same situation had appeared in the analysis of the same data at three energies within the semi-microscopic approach in Ref. [37] , where the ReOP was calculated using a single-folding procedure with Gaussian, Gaussianoscillator and COSMA forms of the single-particle density and the ImOP was taken phenomenologically in a Woods-Saxon form or equal to the form of the folded ReOP. In Fig. 6(a) are shown the curves of J V corresponding to its values obtained in [37] for the cases of the four densities used. In addition, we show in Fig. 6(b) the values of J W calculated using the corresponding fitted imaginary part of the OP's taken in a phenomenological WS form. One can see that the J V has a reasonable behavior in agreement with the results from Ref. [53] , while the values of J W are in contradiction with them. Thus, Table II . The experimental data are taken from [21] for 62 MeV/nucleon, [22] for 68.4 MeV/nucleon, and [23] for 75 MeV/nucleon. the problem arising in our work had appeared also in the semi-phenomenological approach in Ref. [37] , in which a larger number of parameters has been used. A possible reason for such a behavior of J W at this energy could be the change of the scattering mechanism with the increase of the angle of scattering when the other channels except the elastic one should be taken into consideration. Such a "strong" channel with its influence on the elastic one could be that of the fragmentation of 11 Li into clusters.
As a next step, we perform a methodical study of 11 Li+p elastic scattering cross section for E = 62 MeV/nucleon limiting our fitting procedure for the N 's parameters up to the experimental points for θ c.m. ≤ 46
• . The result of this study is presented in Fig. 7 . Doing so we consider now the experimental data for all three energies 62, 68. Table II) . As a result, we get the behavior of J V and J W in a reasonable agreement with the conclusions of Ref. [53] . In our opinion, the procedure described above points out the role of the data at θ c.m. > 46
• on the values of χ 2 and on the conclusions on the mechanism of the elastic scattering process.
III. BREAKUP PROCESSES WITHIN 9 LI+2n CLUSTER MODEL A. Two-cluster model and applications
In this Section, in addition to the analysis of 11 Li+p elastic scattering cross section in Sec. II, we study other characteristics of the reaction mechanism, such as the 11 Li total reaction cross section, the breakup cross section and related quantities. This part of the work is based on the procedure for microscopic calculations of OP's presented in Sec. II. We consider a simple two-cluster model [37] for folding potentials ReOP (V ) calculated using two types of Gaussians (G and GG), Gaussian oscillator (GO) and COSMA densities of 11 Li for 11 Li+p elastic scattering; (b) JW calculated using the fitted imaginary WS potentials corresponding to those real parts of OP that give JV 's in (a).
that has been already used for 6 He for studying its elastic scattering and breakup reactions on nuclear targets [54] . Within this model for the 11 Li nucleus, first, the density distributions of 9 Li core (c-cluster) and h = 2n-halo must be given. Second, the folding potentials of interaction of each of the clusters with the incident proton have to be computed. Then, the sum of these two potentials must be folded with the respective two-cluster density distribution of 11 Li that causes the necessity the wave function of the relative motion of two clusters to be known. We calculate the latter as a solution of the Schrödinger wave equation by using of WS potential and given 0s or 1s state for particle with reduced mass of both clusters. The WS parameters are obtained by fitting the energy of a given state to the empirical separation energy value of h-cluster ε = 0.247 MeV and the rms radius of the cluster function. For the latter we choose the value of 4.93 fm that is somehow "in between" the values obtained within the three-body COSMA [55] and deduced from shell-model calculations [56, 57] . Such two-cluster model takes an interspace between the two classes of approaches. In one of them each of the clusters has its own phenomenological density that is often used to fit the elastic scattering data. The second class includes microscopic three-body models using to a different extent the shell-model picture. Among them we would like to note COSMA (see, for example, Refs. [58, 59] ), which has already successfully described a great amount of experimental data applying the Glauber scattering theory. Justifying our more simple two-cluster model, we hope, however, to keep the basic physical consideration avoiding some simplifications like folding without exchange effects, use of Gaussian-type functions for densities of clusters and bound-state wave functions of relative motion, use of phenomenological ImOP etc. We will always take into account the contribution of the exchange effects and the wave function of the relative motion of two clusters is calculated for the fitted finite-range potential that has an exponential behavior. The bound-state two-cluster system requires a particular consideration. In the earlier works estimations were made using the wave function of 0s-state (n=0) of the (c+ h) system, which does not have nodes inside the potential (except at r = 0). However, it has been shown in Refs. [55, 57] that due to the violation of Pauli principle (Pauli-blocking effect in 11 Li ground state) the 1s-and 0p-states give the main contribution to the wave function of the two-cluster system with almost equal probabilities thus oscillating once inside the potential. Nevertheless, we will consider both 0s-and 1s-densities ρ In the present study, the interaction between the clusters is taken to be a WS potential with the adjusted geometrical parameters R = 1.0 fm, a = 0.25 fm and the depth V 0 = 32.55 MeV for 0s-state and R = 6.25 fm, a = 0.25 fm, and V 0 = 11.55 MeV for 1s-state.
The s-state (l = 0) wave function of the relative motion of two clusters is
and thus, the respective density distribution is defined as a probability for clusters to be at a mutual distance s:
In the framework of the 9 Li+2n model of 11 Li one can estimate the 11 Li+p OP as a sum of two OP's of interactions of the c-and h-clusters with protons folded with the density ρ 
In Eq. (16) r − (9/11)s ≡ r h and r + (2/11)s ≡ r c define the corresponding distances between the centers of each of the clusters and the arbitrary position of the nucleon in 11 Li nucleus, and s = s 1 + s 2 = (9/11)s + (2/11)s determines the relative distance between the centers of the two clusters, s 1 and s 2 being distances between the centers of 11 Li and each of the clusters, respectively. The potential U (n) c in Eq. (16) is calculated within the microscopic hybrid model of OP described in Sect.IIA and B. For OP of the h-p interaction we use the sum of two v np potentials as
Such n-p complex potential has been used in the fourbody model [25] in calculations of the 11 Li+p elastic scattering and it was shown that the cross sections are rather insensitive to a precise form of the n-p potential taken in the form [60] We also intend to adopt the two-cluster model to calculate breakup reactions of 11 Li in collisions with the proton target. To this end the HEA method which has been developed in Refs. [15, 16] and applied in [54] for 6 He+ 12 C reaction will be used in the present study. For simplicity, further the superscript index (n=0, 1) which corresponds to the number of nodes of the relative-motion s-wave function of the two clusters will be omitted. To show briefly the eikonal formalism, we start with the probability that after the collision with a proton (z → ∞) the cluster h or c with an impact parameter b remains in the elastic channel:
where W is the imaginary part of the microscopic OP (16) . Consequently, the probability for the cluster to be removed from the elastic channel is (1 − |S| 2 ). Thus, the common probability of both h and c clusters to leave the elastic channel of the 11 Li+p scattering is
. After averaging the latter by ρ 0 (s) (which characterizes the probability of h and c to be at a relative distance s), the total absorbtion cross section is obtained:
where
In Eq. (21)
and it comes out from the relation b c = b h + b with b = s sin θ being the projection of s on the plane normal to the z-axis along the straight line trajectory of the incident nucleus.
In the case of a stripping reaction with removing hcluster from 11 Li to the proton target, one should use the probability of h to leave the elastic channel [ 
, and for c to continue its elastic scattering with a probability |S c (b c )| 2 . Then the probability of the whole process is
, and to get the total stripping cross section one has to average over ρ 0 (s) [see Eqs. (20) and (21)]. Similarly, the 9 Li transfer can be constructed, and the net contribution of both removal reactions yields the total breakup cross section:
The sum of both absorption [Eqs. (20) and (21) 
B. Momentum distributions of fragments
As is known (see, e.g., [15] ), the differential and total cross sections (for elastic scattering, as well as for diffractive breakup and absorption) all require calculations of the probability functions of the k-momentum distribution of a cluster in the two-cluster system d 3 P (b, k)/dk that depend on the impact parameter b. The general expression for the probability functions can be written as [15] :
where Ω(b, r ⊥ ) is expressed by means of the two profile functions S c and S h [Eq. (19) ] of the core and the dineutron clusters, respectively. In Eq. (25) φ k (s) is the continuum wave function and k is the relative momentum of both clusters in their center-of-mass frame. The vector r ⊥ is the projection of the relative coordinate s between the centers of the two clusters on the plane normal to the z-axis mentioned above. The ground-state wave function of the relative motion of the two clusters φ 00 is given for the s-state by Eq. (14) . For calculations of e.g., the diffractive cross sections, the continuum wave function φ k is expanded in partial wave representation. If in this case the distortion in the final channel is neglected, the wave function φ k (s) is replaced by a plane wave. Then, following Ref. [15] for the s-state (l = 0) the expression for d 2 P Ω (b, k)/dk L dk ⊥ will take the form:
with
In Eq. (26) g(s) = rφ are given in Eqs. (14) and (15) . Hence, the diffraction breakup cross section has the form
with In the case of the stripping reaction when the h -cluster leaves the elastic channel it can be shown (following [15] ) that the cross section takes the form:
Eq. (29) is obtained when the incident nucleus has spin equal to zero and for the s-state of the relative motion of both clusters in the nucleus expressed by Eq. (14) with s = r c − r h , ρ = b c − b h , s = ρ + z and b c from Eq. (22).
C. Results of calculations for breakup processes
To estimate the 11 Li breakup on a proton target, we use the two-cluster model described in Sec. IIIA. As presented there, we intend to study some observables when the 11 Li nucleus with the h = 2n-cluster separation energy of 0.247 MeV is considered as a system in the l = 0 state with principal quantum numbers n = 0 or n = 1. The respective WS potentials V (s) and probabilities ρ (15)] for the distance s between the clusters in 11 Li are shown for both n = 0, 1 in Fig. 8 (a) and (b), respectively. It can be seen from Fig. 8(a) that the WS potential for n = 0 is about 2.8 times deeper than the one for the case of n = 1, although the shapes of both potentials are similar. We note also that the half radius of the n = 1 potential is equal to 6.25 fm and it is much larger than that of 1.01 fm of the n = 0 potential. Fig. 8(b) shows that the two densities differ from each other. Particularly, a steep drop of n=1 density is observed at s ≈ 3.8 fm. Moreover, bearing in mind the results of fitting procedures in phenomenological potentials (e.g., in Ref. [20] ) giving rms radius of about 5÷6 fm for the constituent h-cluster density ρ h (r), we may conclude that in our consideration the n = 1 cluster state of 11 Li becomes preferable. On the other hand, the existence of long tails of ρ [Eq. (16)] constructed in the framework of the two-cluster model of 11 Li to calculate the differential cross section of the elastic scattering 11 Li+p at 62 MeV/nucleon. For the real part V (b,n) of this OP we use a single-folding procedure in which the LSSM density [43] is taken for the 9 Li cluster. The imaginary part W (b,n) of the OP is considered like before to be either W = W H or W = V F . The calculated cross sections are shown in Fig. 9 and compared with the experimental data [21] . For both cases we give in Table III displayed and they lead to a fairly good agreement with the experimental data. However, we note that the data are reproduced better again when W = W H for both n=0, 1 cases, as it was pointed out from the discussion of the results presented in Fig. 3 and obtained with the usage of the LSSM density for 11 Li.
In Table III the values of the total absorption σ tot abs , breakup σ tot bu and total reaction σ tot R cross sections are listed. First, we note the significant role that the breakup channel plays in the 11 Li+p reaction, where σ tot bu contributes more than 80% to σ tot R . This is not the case of 6 He+ 12 C process at energy of 38.3 MeV/nucleon [54] , for which the breakup cross section constitutes only about the half of the total reaction cross section. This can be related with the observation that a quite substantial amount of the 11 Li+p imaginary potential in the elastic scattering channel is formed due to a transfer of the incident flux of 11 Li to a larger extent into breakup chan- nels. Also, for the case of n = 1 state of the cluster wave function, the fitted strength coefficients N 's and the respective values of the cross sections are larger than for the n = 0 state, but the general conclusions on the preferable role of breakup processes remain the same. Our next step is to calculate using Eqs. (28) and (29) as examples the cross sections of the diffractive and stripping (when h = 2n cluster leaves the elastic channel) 11 Li+p reactions at E = 62 MeV/nucleon, respectively. For this purpose we use in Eqs. (28) and (29) (19) ]. They are given in Fig. 10 for s-state with n=0 and n=1. In Figs. 11 and 12 we show the results for the diffraction breakup and stripping 11 Li+p scattering at E = 62 MeV/nucleon, respectively. These results give predictions because of missing experimental data for such processes accompanying the 11 Li+p scattering at E ≤ 100 MeV/nucleon. For the diffractive scattering we obtain values of the widths 98 MeV/c (for n=0) and 85 MeV/c (for n=1) and for the stripping reaction 79 MeV/c (for n=0) and 72 MeV/c (for n=1), respectively, thus favoring the configuration in which the two valence neutrons occupy 1s state in 11 Li. It is worth to be noted that the calculated in our work widths for the 11 Li breakup on the proton target are larger than those obtained in the experiments (around 50 MeV/c) for the reactions of 11 Li on the nuclear targets 9 Be, 93 Nb and 181 Ta at energy 66 MeV/nucleon [11] and on a wide range of targets ( 9 Be to 238 U) [12] . It is noted in [11, 12] that the width almost does not depend on the target's mass number and thus, it characterizes basically the momentum distribution of two clusters. Our width for the stripping of 2n-cluster is similar to the cases of 2n stripping from other nuclei (but not from 11 Li). It turns out that the account for the 2n binding in 11 Li is not enough to obtain the observed widths in the scattering of 11 Li on nuclei, as well as on proton targets. We would like to mention also that we had a methodical task to calculate the widths using different wave functions (n = 0, 1) of the relative motion of the clusters. The results show similar values of the widths in both cases. Probably, it is difficult to solve the problem within our simplified two-cluster model and thus, it must be considered in a more complicated three-body model. Also, obviously experiments on stripping and diffraction reactions of 11 Li on proton targets are highly desirable. This concerns measurements of the neutrons in the decay, as well. D. Single-particle density of 11 Li in two-cluster model
In this subsection we would like to consider in more details the single-particle density distribution of 11 Li, which can be calculated and applied instead of phenomenological one in the analyses and interpretation of 11 Li+p experimental data. For this purpose, we adopt our cluster model, consisting of 9 Li core and halo h = 2n. If one sets ρ h (r 1 ) for the h-cluster and ρ c (r 2 ) for 9 Li nucleus, then the single-particle density distribution of 11 Li can be derived in analogy to Eq. (16) in the following form:
The expression (30) indicates that the density of 11 Li can be calculated using the sum of the corresponding densities of both clusters and folding it with the square of the relative-motion wave function of the two clusters |φ 00 (s)| 2 .
As a comment of our approach we would like to mention the difference between the method to calculate the folding 11 Li+p OP [Eq. (16) ] and that to estimate the single-particle density of 11 Li [Eq. (30)]. In fact, in the former, the U h optical potential was not calculated as a folding integral, but expressed through the v np potentials, and therefore there we did not include the density of the h = 2n cluster. Instead, in Eq. (30) we consider the h-cluster density, together with the density of the 9 Li core, both being folded by the wave function of the relative motion of the two clusters.
Further, in the calculations we use the LSSM density for the 9 Li cluster with rms radius R c =2.31 fm [43] and for the h-halo we probe two densities: the one being described by the Gaussian function (G density) (e.g., [61] )
and the other one is the symmetrized Fermi distribution (SF density) (e.g., [62] )
where (33) and the corresponding rms radius is:
The two densities [Eqs. (31) and (32) ] are normalized to unity and substituting them in Eq. (30) they have to be multiplied by a factor of 2. As for the G density it has only one parameter, the rms radius of the halo R h , that governs its behavior. First, we take R h =2 fm which is almost twice the nucleon radius. In principle, such a choice of R h is justified since the cluster inside the nucleus is "smeared" and, moreover, the folding procedure itself (in which the relative motion function φ 00 (s) takes place with rms radius 4.93 fm, see also Sec. III.A) ensures the h-cluster to be in the periphery. Concerning the SF density, we perform calculations with a set of parameters R and a, selected so that to obey rms R h =2 fm (see the set SF1 in Table IV ). For the choice of them the condition R > πa must be satisfied and for a more convenience Eq. (34) can be rewritten in the following way:
The calculated single-particle density distributions of 11 Li are presented in Fig. 13 together with the LSSM density. Results are shown for both n=0 and n=1 cases. As can be seen, the usage of two kinds of h-density SF1 and G yields very similar 11 Li densities shown as the pair of the dotted and dashed curves for n=0, and also as the solid and dot-dashed curves for n=1, correspondingly, in the whole region of r up to 10 fm. In addition, all these four curves are close at r < 4 fm. However, the difference between the n=0 and n=1 pairs is seen in the interval 5 < r < 7 fm, where the n=1 curves exhibit a "bump", while the n=0 ones go down as compared to the case of the LSSM density of 11 Li. Moreover, we note that the 11 Li rms radius of 2.93 fm for n=1 curves is very close to the LSSM value of 2.94 fm. The tail of the LSSM density is higher at r > 8 fm than those of the cluster curves with R h = 2 fm, but as it was pointed out in Ref. [20] the calculated differential cross sections of 11 Li+p scattering are not sensitive to a possible long density tail at the nuclear far periphery.
The very pronounced halo nature of 11 Li nucleus is mainly supported by its large matter radius exhibited by Tanihata et al. in Ref. [1] . Recently, a successful attempt to get a "realistic" density of this nucleus was realized in Ref. [20] . In the latter the experimental data at about 700 MeV/nucleon were described using the phenomenological constituent cluster model of the 11 Li density composed of two terms 0.2GG+0.8GO with the Gaussian GG and the harmonic oscillator GO functions together. The fitting procedure led to the total rms matter radius R m = 3.42 fm of the whole density, where the fitted values R c = 2.52 fm and R h = 5.98 fm of its separate terms were inter- preted as the core and h-halo radii, respectively. These radii satisfy the relation
(A c , A h , and A being number of nucleons in the core, in the 2n-cluster and the nucleus, respectively) that is valid for the constituent model. However, instead we may argue that the 9 Li and h-systems can be considered as the true clusters only when in a cluster model they are folded [see Eq. (30) ] with the probability density of their relative motion. In Fig. 14 our result is shown as the SF2 curve when the value of R h = 4 fm is taken to be twice larger than R h = 2 fm in the SF1 case. Also in the same figure we present the phenomenological 0.2GG+0.8GO density from Ref. [20] . Our SF2 parametrization leads to a value for the matter rms radius R m = 3.32 fm that is close to R m = 3.42 fm for the phenomenological constituent model mentioned above. Thus, our folding method to calculate the single-particle density distribution [Eq. (30) ] which takes into account the relative motion of the clusters makes it possible to get realistic densities within cluster models without use of phenomenology. It is seen from our analysis with SF2 parametrization that the h-cluster is really "smeared" in 11 Li nucleus (R h = 4 fm) and that the averaging on a relative motion of both clusters (which strongly depends on the h-cluster separation energy) plays an important role. This fact is confirmed also in Ref. [20] , where the deduced halo radius R h = 5.98 fm is larger than the core radius R c = 2.52 fm by a factor (30)] with symmetrized Fermi (SF2) distribution for the h-cluster density with R h = 4 fm (green dash-dotted line). The black dashed line represents the best density parametrization that describes the 11 Li+p elastic scattering data [20] , while the black solid line is the LSSM density.
of more than 2. However, the ambiguity remains in the choice of the "best" density distribution of 11 Li because only the 11 Li+p elastic scattering data are not sufficient.
IV. CONCLUSIONS
The results of the present work can be summarized as follows:
(i) In the first part of the work (Sec. II) the microscopic optical potentials and cross sections of 11 Li+p elastic scattering were calculated at the energies of 62, 68.4, and 75 MeV/nucleon and were compared with the available experimental data. The direct (V D ) and exchange (V EX ) parts of the real OP (V F ) were calculated using the folding procedure with density-dependent M3Y (CDM3Y6-type) effective interaction based on the Paris N N potential. The imaginary part of OP (W H ) was calculated microscopically within the folding model based on the high-energy approximation. The LSSM densities [43] of protons and neutrons with exponential asymptotic behavior of 11 Li that is the correct one were used in the calculations. The spin-orbit contribution to the OP was also included in the calculations. The 11 Li+p elastic scattering cross sections and the total reaction cross sections were calculated using the program DWUCK4 [48] .
(ii) We pointed out that the regularization of our microscopic OP's is achieved by introducing the fitting pa-
related to the "depths" of the separate parts of OP. They are, in principle, the only free parameters of our approach, in contrast to other phenomenological ones and serve as a quantitative test of the latter, i.e. the proximity of N 's values to unity shows the closeness of the approach to the reality. However, here the "ill-posed" problem takes place because the fitting procedure is applied to a limited number of experimental data. The problem of the ambiguity of the N 's parameters have been considered in our previous works [45, 46] . We used in the present work a physical constraint on the choice of the values of the N 's parameters, namely the known behavior of the volume integrals J V and J W as functions of the incident energy for E ≤ 100 MeV/nucleon [53] . We compare the behavior of the values of J V and J W obtained in our work with those in the semi-phenomenological approach in Ref. [37] , where much more parameters have been used than in our microscopic method. We discuss in more details the problem arising from the behavior of J W at E = 62 MeV/nucleon and relate it to the quality of the data at larger angles (θ c.m. > 46
• ). We note that this problem had appeared also in [37] . Finally, we obtained a definite set of the fitted N 's parameters that give satisfactory agreement of our results with the data of elastic 11 Li+p scattering cross section using the physical criterion of the behavior of the volume integrals as functions of the energy.
(iii) We would like to mention that the values of the total cross sections of scattering and reaction can serve as another physical criterion for the N 's values. However, the corresponding experimental data for these values are missing at the energy interval considered in our work, so they are highly desirable.
(iv) As in our previous works [45, 46] , we would like to emphasize that a more successful explanation of the cross section data could be given by accounting for virtual excitations of inelastic and decay channels of the reaction. For this reason, in Sec. III of the present paper, apart from the usual folding model based on the LSSM, we consider another folding approach that includes 11 Li breakup suggesting a simple 9 Li+2n cluster model for its structure. Both LSSM and cluster models of 11 Li are capable to reproduce fairly well the two-neutron separation energy from 11 Li. In Sec. III we use the procedure from the first part of our work (Sec. II) for microscopic calculations of the necessary OP's in the breakup model for estimations of the elastic scattering cross sections, as well as of the momentum distributions in the processes of the proton scattering on clusters and the corresponding S-functions in 9 Li+p and h+p scattering. The folding OP's calculated in the two parts of our work behave rather closely if one fits their strengths to the same elastic scattering data, as it is done for 11 Li+p at energy 62 MeV/nucleon. Thus, the analysis of other types of the reaction mechanism, such as the 11 Li breakup, makes it possible to understand their significant role in the formation of the OP responsible for the 11 Li+p elastic scattering. It turns out that the breakup channel gives σ tot bu that exceeds 80% from σ tot R , while it is around a half of σ tot R in the case of 6 He+ 12 C (as obtained in Ref. [54] ). (v) In the present work we give also predictions for the longitudinal momentum distributions of 9 Li fragments produced in the breakup of 11 Li at 62 MeV/nucleon on a proton target. We calculated the diffraction and stripping (when the cluster 2n leaves the elastic channel) cross sections of the reaction of 11 Li on proton target at energy 62 MeV/nucleon. We note that our breakup gives the width of the peak between 70 and 80 MeV/c, while the widths of about 50 MeV/c are known from the reactions of 11 Li on nuclear targets 9 Be, 93 Nb and 181 Ta at energy 66 MeV/nucleon. In relation with this, here we should mention that at the energy of the range 60-70 MeV/nucleon a distortion due to the nuclear and Coulomb forces could affect the cross sections. We have in mind also that our simplified two-cluster model could not give the correct answer and that it can be found in a more complicated three-body approach. Hence, this problem remains open and requires further analysis. We emphasize the necessity of experiments on stripping and diffraction reactions of 11 Li on proton targets at energy E < 100 MeV/nucleon.
(vi) We present results for the single-particle density distribution of 11 Li in the framework of a cluster model. Our calculated density is close to the phenomenological one obtained in Ref. [20] by fitting to the experimental differential cross sections of scattering of 11 Li at 700
MeV/nucleon on a proton target. From a physical point of view the cluster model allows more clear interpretation of the experimental data and together with the phenomenological densities can be applied as a pattern density to fit the data. Future measurements of the cross sections for proton elastic scattering and momentum distribution of the 9 Li fragments in the 11 Li breakup reactions might provide supplemental information on the internal spatial structure of the 11 Li nucleus.
